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Abstract. We prove that if in a complex analytic family of compact complex 
manifolds all the fibres, except one, are supposed to be projective, then the remai- 
ning (limit) fibre must be Moishezon. The proof is based on the so-called singular 
Morse inequalities for integral cohomology classes that we obtained in a previous 
work. The strategy, originating in the work of J. -P. Demailly, consists in using the 
Aubin-Calabi-Yau theorem to construct Kahler forms on non-limit fibres in a cer- 
tain integral De Rham cohomology 2-class and in showing that this family of forms 
is bounded in mass in a suitable sense. By weak compactness, a subsequence of 
Kahler forms converges weakly to a (1, l)-current that may have wild singularities 
and is defined on the limit fibre. The singular Morse inequalities are then used 
on the limit fibre to produce a Kahler current in the same integral cohomology 
class. The existence of a Kahler current with integral cohomology class is known 
to characterise Moishezon manifolds. 



1 Introduction 

A complex analytic family of compact complex manifolds is a proper 
holomorphic submersion ir : X ^ A between complex manifolds X and A 
([Kod86]). Thus all the fibres are (smooth) compact complex manifolds of 
equal dimensions. The base manifold A will be assumed to be an open ball 
containing the origin in some complex space C". The purpose of this paper 
is to prove the following statement. 

Theorem 1.1 Let tt : X — > A be a complex analytic family of compact 
complex manifolds such that the fibre Xt := vr^^(t) is projective for every 
t e A*:= A \ {0}. Then Xq := ^-^(0) is Moishezon. 

Recall that a compact complex manifold X is said to be Moishezon if 
there exists a proper holomorphic bimeromorphic map (i.e. a holomorphic 
modification) fi : X —>■ X such that X is a projective manifold. This condition 
is equivalent to the existence of n algebraically independent meromorphic 
functions on X where n = dim^X ([Moi67]). A Moishezon manifold becomes 
projective after finitely many blow-ups with smooth centres ([Moi67]). Thus 
Theorem 11.11 says that projective manifolds can degenerate only mildly (i.e. 
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to Moishezon manifolds) in the deformation limit. Note that the result is 
optimal since, by Hironaka's example [Hir62] , the limit fibre Xq need not be 
Kahler, let alone projective. (^4 posteriori, since Xq is Moishezon by Theorem 
11.11 Xq cannot be Kahler unless it is projective — see [Moi67]). 

As is well known in deformation theory ([Kod86]), all the fibres Xt : = 
7r~^(t) are C°°-diffeomorphic to a fixed compact differentiable manifold X. 
In other words, the family of complex manifolds {Xt)teA can be seen as 
one differentiable manifold X equipped with a family of complex structures 
{Jt)t&A varying in a holomorphic way with t. In particular, for every k, the 
De Rham cohomology groups H''{Xt, C) of all the fibres can be identified 
with a fixed H^{X, C), while the Dolbeault cohomology groups HP''^{Xt, C) 
depend on t G A. 

As the fibres Xt are assumed to be projective for t ^ 0, the following fact 
is classical. 

Remark 1.2 There exists a non-zero integral De Rham cohomology 2-class 
a e H'^{X, Z) such that, for every t G A*, a can be represented by a 2-form 
which is of Jftype (1, 1). 

Moreover, a can be chosen in such a way that, for every t E A\'E, a is the 
first Chern class of an ample line bundle Lt —>■ Xt, where S = {0} U S' C A 
and S' = IJ S,^ is a countable union of proper analytic subsets S,^ C A*. 

To see this well-known fact, for any given class a G H^{X, R), let Sa C A* 
denote the set of points t G A* such that a can be represented by a Jt- 
type (1, l)-form. For every t G A*, Xt is compact Kahler (even projec- 
tive), so there exists a Hodge decomposition C) = H'^'^{Xt,C) © 



H^'\Xt,C) © H^'\XtX) with H^'^iXtX) = H^'^iXtX)- Thus, a given 



a G H^{X, R) contains a Jj-type (1, l)-form if and only if its projection onto 
H^''^{Xt,C) vanishes. This means that Sa is the set of zeroes of the section 
ctq G r(A*, R'^n^Ox) induced by a. By the Kahler assumption on every Xt 
with t 7^ 0, the map A* 3 t ^ dimif°'^(Xi, C) is locally constant and there- 
fore the restriction of the higher direct image sheaf R'^tt^Ox to A* is locally 
free. As Jt varies holomorphically with t, aa is a holomorphic section of the 
associated holomorphic vector bundle over A*. This clearly implies that 5*^ 
is an analytic subset of A* for every a G if2(X,R). On the other hand, the 
projectiveness assumption on every Xt with t ^ entails the equality 



where the union is taken over all the integral classes a G Z) such 

that a is an ample class on some fibre Xt^, to (depending on a). Now, 
a proper analytic subset is Lebesgue negligible. If Sa were a proper subset 
of A* for every such a G if^(X, Z), the left-hand side in ([T]) would be a 
countable union of Lebesgue negligible subsets, hence a Lebesgue negligible 
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subset of A*, contradicting the equality to A*. Therefore, there must exist 
a G H'^{X,7j) which can be represented by a Jt-type (1, l)-form for every 
t ^ (i.e. Sa = A*) and which is an ample class on at least one fibre Xj^, 
to = toia) ^ 0. 

Now, it is a standard fact that the ampleness property is open with res- 
pect to the countable analytic Zariski topology of the punctured base A* 
(over which the fibres are projective). This follows from the Nakai-Moishezon 
criterion (according to which ampleness can be tested as numerical strict po- 
sitivity on all classes of analytic cycles of the given projective manifold Xt, 
t 0) and Barlet's theory of cycle spaces ([Bar 75]) which implies that the co- 
homology classes {[Z]} of analytic cycles Z G Xt with t are the same on 
all fibres Xt, t 0, except possibly on a countable union of analytic subsets 
of exceptional fibres which may have more classes of cycles than the generic 
fibre (see e.g. [DP04, § 5.] where the argument is extended to Kahler fibres 
using the transcendental version of the Nakai-Moishezon criterion obtained 
as the main result of that work). 

Hence, as a is an ample class on some fibre Xtg with to ^ 0, a must be 
an ample class on every fibre Xt with t G A \ S, where S = {0} U S' for a 
countable union S' = IjSj, of proper analytic subsets Sj, C A*. □ 

Let n := dim^X^, t G A. Fix a class a G H^{X, Z) as above and set 



By Stokes' theorem, this integral is clearly independent of the choice of re- 
presentative of a. Moreover, f > since a is the first Chern class of an ample 
line bundle Lt on Xt and f = L" > is the volume of Lt for every t G A \ E. 
Finally, the differential operator d of X admits a separate splitting 



for each complex structure Jt of X. 

The proof of Theorem 11.11 will evolve from a strategy devised in broad 
outline and propounded over the years by J.-P. Demailly aiming at producing 
a Kahler current on the limit fibre Xq. Recall that a rf-closed (1, l)-current 
T is said to be a Kahler current (a term coined in [JS93]) if T > ecu for 
some e > and some positive-definite C°° Hermitian (1, l)-form u > on 
the ambient manifold. This is a strong notion of strict positivity for cur- 
rents. Within the class of compact complex manifolds, the existence of a 
Kahler current characterises Fujiki class C manifolds (i.e. those admitting a 
holomorphic modification to a compact Kahler manifold, much as Moishezon 
manifolds modify to projective ones) by a result of [DP04], while the exis- 
tence of a Kahler current with integral De Rham cohomology class charac- 
terises Moishezon manifolds ([JS93], see also [Dem90]). Thus, the pair Fujiki 
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class C/Moishezon bears a striking similarity to the pair Kahler/projective : 
by Kodaira's Embedding Theorem, projective manifolds are precisely those 
compact complex manifolds carrying a Kahler metric with integral De Rham 
cohomology class. The former pair can be seen as the current version of the 
latter, while the latter term in each pair is the integral class version of the 
former. 

The thrust of Demailly's Morse inequalities ([Dem85] and further deve- 
lopments) is to produce a Kahler current in a given cohomology class when 
the class satisfies comparatively weak positivity properties. This idea had 
motivated our previous work [Pop08] which is to be made a crucial use of in 
the present paper. 

Here is an outline of our approach. Consider a C°° family {dVt)teA of C°° 
volume forms dVt > on normalised such that J dVt = 1. We can apply 

Xt 

the Aubin-Yau theorem ([Yau78]) on the Calabi conjecture to the class a 
viewed as a Kahler class on Xf for every t G A \ S. Thus, for t G A \ E, we 
get a C°° 2- form cu^ G a = Ci{Lt) on X which is a Kahler form with respect 
to the complex structure Jt (i.e. duit = 0, Ut is of type (1, 1) and positive 
definite with respect to Jt) such that 



uj'lix) =vdVt{x), xeXf (3) 

The first step in the proof of Theorem II. II will be to show that the family 
of Kahler forms (co't)tgA\s is bounded in mass (in a suitable sense that will 
be made precise below) as t approaches 0. By weak compactness, this family 
will contain a subsequence that is weakly convergent to a current T. The 
limit current T must be of Jo-type (1,1) and must lie in the given class a G 
H'^{X, Z). This current, possibly with wild singularities, will only satisfy mild 
positivity properties on Xq. However, the so-called singular Morse inequalities 
for integral classes that we obtained in [PopOS] will imply the existence of a 
Kahler current on Xq lying in the same cohomology class a as T. The class 
being integral, this is equivalent to a being the first Chern class of a big line 
bundle over Xq which, in turn, amounts to Xq being Moishezon. 

The second step in the proof of Theorem II. II will thus consist in a crucial 
application of the following theorem which was the main result in [PopOS] . 
Given an arbitrary compact complex manifold X with dimcX = n, recall 
that the volume of a holomorphic line bundle L — X, a birational invariant 
measuring the asymptotic growth of spaces of global holomorphic sections of 
high tensor powers of L, is standardly defined as 

viL):=]imsnp-h'iX,L'). (4) 
If L is ample, the volume is known to be given by v{L) = J ci(L)"' := L"', 

X 

motivating notation ([2]). Theorem 1.3. in [PopOS] gives the following metric 



4 



characterisation of the volume 



v{L) = sup / T' 



in 



(5) 



X 



where the supremum is taken over all positive currents T > in the first 
Chern class of L and Tac stands for the absolutely continuous part of T 
in the Lebesgue decomposition of its measure coefficients. The interesting 
inequality in is ">" {singular Morse inequalities). Now, the following 
three facts are well known : v{L) > if and only if the line bundle L is big, 
by definition of bigness. A line bundle L — > X is big if and only if it can 
be equipped with a (possibly singular) Hermitian metric h whose curvature 
current T := iQh{L) is > on X (i.e. a Kahler current), by [Dem90] for 
a projective X and [JS93] for a general X. A compact complex manifold 
carries a big line bundle if and only if it is Moishezon, by [Moi67]. As any 
(i-closed current of type (1,1) whose De Rham cohomology class is integral is 
always the curvature current of some holomorphic line bundle equipped with 
a (possibly singular) Hermitian metric, an equivalent way of formulating the 
">" part of ([5]) above is the following. 

Theorem 1.3 (Rewording of Theorem 1.3. in [Pop08]) Let X be a compact 
complex manifold, dim^X = n. If there exists a d-closed (1, l)-current T on 
X whose De Rham cohomology class is integral and which satisfies 



Jx 

then the cohomology class ofT contains a Kahler current S. Implicitly, X is 
Moishezon. 

This is the form in which we will use the result of [Pop08] on Xq. The limit 
current T obtained on the limit fibre Xq at the end of the first step in the 
proof of Theorem 11.11 will be shown to satisfy the mild positivity conditions 
(z) and (ii) of Theorem 11.31 on Xq. By that theorem, the integral class a of 
T must contain a Kahler current, proving that Xq is Moishezon. 



We shall first prove Theorem 11.11 under the extra assumption that the 
Hodge number /i°'^(t) := dimH^'^{Xt,C) is independent of t G A. This 
assumption enables one to uniformly bound the masses of the Kahler forms 
(i^JteA\s with respect to a family of Gauduchon metrics on the fibres Xt 
varying in a C°° way with the parameter t G A. This is because the invariance 
of h^'^{t) amounts to the existence of a uniform positive lower bound for the 
smallest positive eigenvalue of the anti-holomorphic Laplacian A" as t varies 
in a neighbourhood of in A. Hence, the inverses of these small positive 
eigenvalues are uniformly bounded above and so are the masses of the Kahler 
forms {uJt)teA\'z- This will occupy Section [21 
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A Moishezon manifold is well known to admit a Hodge decomposition 
and to have its Hodge- Fro liclier spectral sequence degenerate at E'. This 
implies that, once Theorem 11.11 has been proved, all the Hodge numbers 
hP''^(t) := dimi7P'^(Xt, C), p,q = 0, . . . ,n, will be locally constant as t varies 
in A. In particular, the situation considered in Section [2] is a posteriori seen 
to always occur. Section [2] implicitly shows that, if only h^'^{t) is assumed to 
not depend on t, all the h^''^{t) are independent of t. 

It is worth noticing that Section [2] also proves the special case of Theorem 
11.11 where all the fibres Xt are assumed to be compact complex surfaces in 
the following strengthened form that fails for higher dimensional fibres. 

Proposition 1.4 Let tt : X — > A be a complex analytic family of compact 
complex surfaces such that the fibre Xt := vr^^(t) is projective for every 
t G A*:= A \ {0}. Then Xq := 7r"^(0) is projective. 

Indeed, the Hodge-Frolicher spectral sequence of any compact complex 
surface is known to degenerate at E^. Consequently, all the Hodge numbers 
h^''^{t) are locally constant in a family of surfaces. In particular, the situation 
considered in Section [2] occurs and, by the arguments given there, Xq is 
Moishezon. On the other hand, the Betti numbers hk of the fibres being always 
constant, the first Betti number hi of Xq must be even. Now, by Kodaira's 
theory of classification of surfaces and Siu's result [Siu83] (see also [Buc99], 
[Lam99]), every compact complex surface with hi even is Kahler. The limit 
surface Xq being both Moishezon and Kahler, it must be projective ([Moi67]). 

Furthermore, the singular Morse inequalities are quite easy to prove on 
complex surfaces in a tremendously simpler way than the higher-dimensional, 
(possibly) non-Kahler case treated in [Pop08] : the regularisation theorem 
with mass control that we obtained there for currents follows easily on a 
compact complex surface by using Demailly's regularisation of currents and 
choosing a Gauduchon metric (on a complex surface, this is a Hermitian 
metric uj such that dduj = 0). This choice ensures the boundedness of the 
Monge- Ampere masses of Demailly's regularising currents (all of which lie in 
the same Bott-Chern cohomology class) thanks to Stokes' theorem, much as 
they are bounded on compact Kahler manifolds (the case treated in [Bou02]). 
In the general non-Kahler higher-dimensional case, a new regularisation had 
to be constructed in [Pop08] and the Monge-Ampere masses need not be 
bounded. 

Thus, the case of families of compact complex surfaces is on a distinctly 
lower level of difficulty and interest than the general case. The main focus of 
this work will therefore be on families with fibre dimension > 3. 

Rather than proving the invariance of h^'^{t) on a priori grounds (a tall 
order that falls largely beyond the scope of this paper), we will prove Theorem 
11.11 in full generality by working directly on Gauduchon metrics and the 
spectra of the associated Laplace operators. The method yields the desired 
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uniform mass boundedness of the family of Kahler forms {uJt)tGA\T. even in 
the mythical case where h^'^{t) jumps at t = 0. Explicitly, we prove the 
following fact that can be regarded as the main technical result of this work. 

Proposition 1.5 Under the hypotheses of Theorem \1.1\ and after possibly 
shrinking A about 0, there exists a family (7t)tgA of Gauduchon metrics va- 
rying in a C°° way with t on the fibres {Xt)t^/^ and satisfying the following 
uniform mass boundedness property. For every t G A \ S, choose any Jf- 
Kdhler form ujt belonging to the class a G H'^{X, Z) given by Remark I i . M 
Then there exists a constant C > independent o/ 1 G A \ E such that 



If h'^'^{t) is independent of t near G A, any choice of a smooth family of 
Gauduchon metrics will do (cf. Proposition 12.21) . In general, a special family 
has to be constructed (cf. Propositions 13.41 and 14.11 which, between them, 
prove Proposition II. 5p . The first moves will be made in Section [3] where a 
new kind of metric, strengthening Gauduchon metrics, is introduced. We call 
it a strongly Gauduchon metric and give an intrinsic necessary and sufficient 
condition for the existence of such a metric on an arbitrary compact complex 
manifold in terms of non-existence of certain (1, l)-currents. The method 
is the one of Sullivan [Sul76] that has been used for similar purposes in 
[HL83], [Mic83], [Lam99], [Buc99]. The conclusion of Section [3] will be a proof 
of another special case of Theorem 11.11 under the extra assumption that a 
strongly Gauduchon metric exists on the limit fibre Xq (or, equivalently, that 
certain exceptional currents do not exist on Xq). This assumption is of a 
different nature to the one made in Section [21 

The proof of Theorem 11.11 will be obtained in full generality in Section H] 
by reducing it to the case of Section [3] : the limit fibre Xq will be shown to 
always carry a strongly Gauduchon metric if the other fibres are Kahler (or 
even more generally, if the (99- lemma holds on the other fibres). 

This naturally throws up new ideas to mount an attack on the following 
long-considered problem which will have by now become a matter of folklore. 

Question 1.6 Let tt : X — > A be a complex analytic family of compact 
complex manifolds such that the fibre Xt := vr~^()f:) is Kahler for every t G 
A*:= A \ {0}. Then, is Xq := 7r^^(0) a Fujiki class G manifold ? 

Our Theorem 11.11 provides an affirmative answer to what can be seen as 
the integral class version of this question. The real class analogue of Remark 
11.21 no longer holds in the more general context of Question 11.61 as there 
are examples of families with Kahler fibres for which no non-zero real De 




for all t G A \ S. 
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Rham cohomology 2-class which is of type (1, 1) for all the complex struc- 
tures involved exists. Thus, the constant class a has to be replaced with a 
family of real classes at G M), t 7^ 0, whose volumes Wt remain 

uniformly bounded below away from zero near the origin in A*. This can 
be arranged by standard arguments. Now, the significant fact is that our 
Proposition 11.51 still holds in this more general context if a suitable family of 
Kahler classes at, t 7^ 0, replaces the constant class a. This is because the 
projective assumption on Xt with t 7^ is not made full use of in the proof 
of Proposition 11.51 but only the 99-lemma and the Kahler assumption are 
used. This means that the only hurdle that has yet to be cleared before an 
(affirmative ?) answer to Question 11.61 can be given is Demailly's conjecture 
on transcendental Morse inequalities : the singular Morse inequalities that 
we obtained in [Pop08] and listed above as Theorem 11.31 are expected to hold 
without the integral class assumption on T (hence X would be Fujiki class 
C) . We hope to be able to address these matters in a future work. 

It clearly suffices to prove Theorem 11.11 for a 1-dimensional base A C C 
(i.e. an open disc in C) that we can shrink at will about the origin. This 
choice of A will be implicit throughout the paper. 

Regarding the method of this work, a word of explanation may be in or- 
der. On the face of it, it would seem that embedding all the projective fibres 
Xt with t 7^ into the same projective space (which is possible thanks, for 
example, to Siu's effective Matsusaka Big Theorem [Siu93]) might lead to 
a quick proof of Theorem 11.11 However, one would then run up against the 
difficulty of having to extend across the origin objects that are holomorphi- 
cally defined on the punctured disc A*. It is hard to see how this can be 
done without controlling the volumes of the projective submanifolds invol- 
ved (which might a priori explode) near the origin. Such a uniform volume 
control would be equivalent to the uniform mass control obtained in Proposi- 
tion [T31 so one would be faced with the same difficulty as ours. Furthermore, 
the present method has the advantage of lending itself to generalisation when 
Xt is only assumed to be Kahler for t 7^ (cf. situation in Question II. 6p . 

Notation and terminology. A complex analytic family of compact com- 
plex manifolds will be often referred to simply as a family {Xt)teA- Given a 
smooth family of Hermitian metrics {'~ft)teA on the fibres {Xt)t£A, the for- 
mal adjoints d*, d*, dt associated with d, dt and respectively dt will be cal- 
culated with respect to the metric 74. They give rise to Laplace-Beltrami 
operators Aj = dd* + d* d, A[ = dtd* + d* dt, A" = dtd* + B* dt acting 
on C°° forms of X of any degree k = l,...,n or any Jj-bidegree (p, q), 
p,q = 1, . . . ,n. The respective spaces of these forms will be denoted by 
C^{X, C) and C^g{Xt, C). Given a form u, its component of type (p, g) 
with respect to the complex structure Jt will be denoted by m^''^. The A- 
eigenspace of AJ' : C^^iXt, C) ^ C^giXt, C) will be denoted by El^{X). 
Similarly for A^ : C^q{Xt, C) C^q{Xt, C). Dolbeault cohomology groups 
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of Jt-{p, g)-classes will be denoted by H^^'^iXt, C), while H^{X, C) will stand 
for De Rliam cohomology. The respective dimensions of these C- vector spaces 
are the usual Hodge numbers W''^{t) and Betti numbers h^. By the Kahler 
assumption on Xt for every t 7^ 0, every is constant on A* after pos- 

sibly shrinking A about 0. But it may a priori happen that /i^''^(0) > hP''^(t) 
for t ^ 0, although this case is a posteriori ruled out by Theorem II .![ 

The dd-lemma will be said to hold on a given compact complex manifold 
X if, for any C°° form u that is (i-closed and of pure type (say (p, q)) on X, 
all the following exactness properties are equivalent for u : 

u is d-exact <^=^ u is (9-exact <^==^ u is (9-exact <^=^ u is dd-exa.ct. 

It is well-known that the dd-lemma holds on any compact Kahler mani- 
fold. We shall apply it in quite a number of instances on the fibres Xf with 
t 0. One major difficulty in the proof of Theorem 11.11 stems from the dd- 
lemma not being a priori known to hold on Xq, although this will be the 
case when Theorem 11.11 has been proved. 

2 The special case of constant /i^^(t), t G A 

In this section we prove the following special case of Theorem 11.11 

Proposition 2.1 Let n : X —>■ A be a complex analytic family of compact 
complex manifolds such that the fibre Xt is projective for every t G A*. 
Suppose that h^'^{{]) = h^'^{t) for t close to 0. Then Xq is Moishezon. 

The proof falls naturally into two steps. 

Step 1 : produce a weak-limit current T > on Xq from {uJt)teA\T, 

The proof of Gauduchon's theorem ([Gau77]) implies the existence of a 
smooth family of Gauduchon metrics on the fibres Xt = {X, Jt). In other 
words, there exists a family of 2-forms (7i)tgA on X, varying in a C°° way 
with t E A, such that each jt is a positive-definite, type (1, l)-form with 
respect to Jt and satisfies the Gauduchon condition on Xt : dtdt'Jt'^ = 0- To 
see this, let us briefiy scan the argument of [Gau77] in our family context. 
Let {uj't)t(^A be any family of Hermitian metrics varying in a way with t 
on {Xt)teA- Consider the Laplace- type operator acting on smooth functions : 




'j. The adjoint of P^'^ is 
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where * = *<^J : C^„(X(, C) C°°{Xt, C) is the Hodge-star operator 
(an isometry) associated with u'^. The operators P^j and P*, are elhptic, 
> 0, and of vanishing index (as the principal symbols are self-adjoint). Mo- 
reover, kerP^^' = C (i.e. the constant functions) by the obvious inclusion 
C C kerP^' and the maximum principle. Hence, by ellipticity and vanishing 
index, dim kerP*, = 1. Furthermore, the proof of [Gau77] shows that any 
function / G keT{P*,^^,^^j^ j^^) must satisfy : / > on X or / < on X 

or / = on X. The existence of a C°° function ft : X ^ (0, +oo) such 

1 

that P*, (ft) = is equivalent to the Hermitian metric /^""^ cu^ being Gau- 
duchon. Now, (P*/)tgA is a C°° family of elliptic operators on the fibres Xf 
with kernels of constant dimensions (= 1). By Kodaira and Spencer (see 
e.g. [Kod85, Theorem 7.4, p. 326]), the kernels define a C°° vector bundle 
A 3 t ker(P*,). Then it suffices to pick /o G ker(P*, i^^^j.^ jg^) such that 
/o > and to extend it to a C°° local section A 3 t ft of the C°° real 
bundle A 3 t keT{P*,^^^^j^ jg^) which is a trivial bundle if A has been 

shrunk sufficiently about 0. By continuity, ft>0 for all t sufficiently close to 

1 

G A, defining a family 7f := /^""^ u'^, t G A, of Gauduchon metrics varying 
in a C°° way with t on the fibres Xt. 

Fix any such family (7t)tgA- It is against these Gauduchon metrics that 
the masses of forms will be measured. The following uniform mass bounded- 
ness proves Proposition 11.51 in the special case treated here. 

Proposition 2.2 Let a G if^(X, Z) a class given by Remark ] For every 
t G A \ S, let ujt he an arbitrary Jt-Kdhler form belonging to the class a. If 
h^'^{t) is independent o/t G A, there exists a constant C > independent of 
t G A \ S such that the masses of the Ut 's with respect to the 7""^ 's satisfy : 

< j uJt^ it~^ <C < +00, for all t G A \ S. (7) 

Xt 

after possibly shrinking A about 0. 

Notice that the choice ([3]) of Kahler forms uJt in the given class a by 
means of the Aubin-Yau theorem is not needed here. It will come in later on. 

Proof. The lower bound is obvious as cj^ > and 7^ > 0. Let Cj be any rf-closed 
real 2- form in the De Rham class a. As uot and uj are De Rham co homologous 
real 2-forms, there exists a smooth real 1-form f3t on Xt such that : 

UJt = UJ + d(3t on Xt, for every t G A \ S. (8) 
Thus, for each t G A \ S, the mass of uJt splits as : 

UJt A ^r' = j ^t'' + Jd/3tA ir'- (9) 

Xt Xt Xt 
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As the forms {'~ft)teA vary in a C°° way with t G A, the first term in the 
right-hand side of ([9]) is bounded as t varies in a neighbourhood of 0. We are 
thus reduced to showing the boundedness of the second term as t G A \ S 
approaches 0. The difficulty stems from the fact that the family {u!t)teA\T. of 
Kahler forms (and implicitly {Pt)t€A\T,) need not extend to the limit fibre Xq 
as Xq is not assumed to be Kahler. By Stokes' theorem we get : 

Xt Xt Xt Xt 

(10) 

where /?t = + /^^'^ is the decomposition of I3t into components of types 
(1,0) and (0,1). As f3t = A (i.e. /3f is a real form), = (3^'^ and the 
two terms in the right-hand side above are conjugate to each other. It thus 
suffices to show the boundedness of the integral containing (3^'^ as t G A \ S 
approaches 0. 

Now the solution Pt of equation ([H]) is not unique. We will make a parti- 
cular choice of Pf The Kahler form ut being of Jr type (1, 1), equating the 
components of Jt-type (0, 2) in ([H]), we see that must solve the equation : 

d^po,! ^ _^^0,2 tGA\S. (11) 

Conversely, for every t G A*, choose to be the solution of equation 
ffTTj) of minimal norm with respect to the metric jt of ^t- (Notice that 
equation ffTTl) is solvable in for every t ^ because a contains Jt- 
type (1, l)-form for every t ^ 0. However, it need not be solvable for t = 
as a is not known to contain a Jo-type (1, l)-form.) Set jSl'^ := (3^'^ and 
(3t '■= PI'^ + (3^'^- Clearly, jSt is a real 1-form on X but it need not solve 
equation ([H]). However, the dd-Lemma, (which holds on every Xt with t 7^ 
by the Kahler assumption) shows that (3t satisfies equation ([8]) on Xt, for 
each t G A \ S, up to a dtdt-ex.a.ct (1, l)-form. Indeed, u + d [3t is Jj-type 
(1, 1) since its (0, 2)-component is cl;°'^ + dtPt'^ = by (ITT!) and its (2, 0)- 
component also vanishes by conjugation. It follows that Cut + d (3t — is of 
Jt-type (1, 1) and d-exact, hence also dtdt-exact by the dd-Lemma. Thus f3t 
solves the equation : 

ujt = oot + d(3t + idtdt^t on Xt, for t G A \ S, (12) 

for some smooth function ^pt on X. Now, since 7t has been chosen such that 
dtdtlt~^ = (the Gauduchon condition). Stokes' theorem gives : 

j idtdt^t A ir' = j^tA idtdtir' = 0. 

Xt Xt 
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In other words, dd-exa.ct (1, l)-forms have no mass against the relevant 
power of a Gauduchon form. Thus relation ([9]) holds thanks to ( 1T2|) and, 
as explained above, the proof reduces to showing the boundedness of the 
integral containing in the right-hand side of fllOl) as t G A* approaches 
0. 

For every t G A, let d* denote the formal adjoint of dt with respect to 
the global scalar product defined by the Gauduchon metric 7t of X^. We 
get a C°° family (A[')t£A of associated anti-holomorphic Laplace-Beltrami 
operators defined as 

a;' = dt + dt" dt on Xt = iX,Jt), t G A. 

The (unique) minimal solution of equation ffTTl) is known to be given 
by the formula : 

A°•' = -G^9iV'^ tGA\S, (13) 

where Gt denotes the Green operator of A". Clearly, the family of operators 
{dt*)t£A varies in a way with t. By the Hodge Fundamental Theorem 
(which does not require the Kahler property), the Hodge isomorphism holds : 

H^'\Xt, C) ~ J{°'^(Xi, C), t G A, 

where IK°'^(X(,C) := ker AJ' is the space of harmonic Jr(0, l)-forms. By a 
well-known result of Kodaira and Spencer (see [Kod86, Theorem 7.6, p. 344]), 
the family of Green operators {Gt)t&A of a C*°° family of strongly elliptic 
operators (A")fgA is with respect to t G A if the dimensions of the 
kernel spaces CK*^'^(Xf,C) are independent of t G A. This is indeed the case 
here as, by assumption, h^'^{t) = dim H^'^{Xt, C) is independent of t G A, 
and dim[K°'^(Xt, C) = h^'^{t) by the Hodge isomorphism. 

Now the Jrtype (0, 2)-components {ujt^''^)teA of the fixed 2-form oj vary 
in a G°° way with t (up to t = 0) since the complex structures {Jt)teA 
do. As the composed operators Gt dt have the same property, the forms 
/jO'i = -Gtdt*LUt°'^ (cf. (USD) extend smoothly across t = to a family 
{(3t''^)t&A of forms which vary in a way with t G A. This clearly implies 
the boundedness in a neighbourhood of t = of the second term in the right- 
hand side of (fTOl) . Taking conjugates, the same is true of the first term in the 
right-hand side of (ITOl) . This completes the proof of Proposition 12. 2[ □ 

As the family of positive forms {uJt)teA\s is bounded in mass, it is weakly 
compact. Thus it contains a weakly convergent subsequence ut^ ^ T, with 
A\S9tfc— >OasA;— > +oo. The limit current T > is closed, positive and of 
type (1, 1) for the limit complex structure Jo of Xq. By the weak continuity 
of De Rham classes { }, {uJt,.} {T}. As {wt^.} = ot for all /c, we see that 
T G a. 
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We have thus produced a closed positive (1, l)-current T > on Xq in 
the given integral De Rham cohomology class a. 

Step 2 : prove that the integral class {T} contains a Kdhler current 

This is where the singular Morse inequalities for integral classes (Theorem 
11.31) come into play. The semicontinuity property of the absolutely continuous 
part of currents (see e.g. [Bou02]) spells : 

^ac(a;)" > lim sup co'fj.(x)"', for almost every x G Xq. (14) 

fc— >+oo 

Now, if the Kahler forms c^t, t G A \ S, are chosen in the given Kahler 
class a by means of the Aubin-Yau theorem ([Yau78]) as explained in ([3]), 
the identity = v dVt^ and (|T^ give : 

Tac{x)'^ > V lim sup (iVtj. (x) = vdVoi^x), for almost every x G Xq. Hence 

fc^+oo 

J T« >v>0. (15) 

In particular, T satisfies condition (ii) of Theorem 11.31 It is for this sole 
purpose that the Aubin-Yau [Yau78] theorem has been used. 

Summing up, the limit current T is of type (1, 1) (for Jq), has an integral 
De Rham cohomology class a and satisfies the mild positivity assumptions 
(i) and (ii) of Theorem 11.31 on singular Morse inequalities. By that theorem 
applied on Xq, a must contain a Kahler current, hence Xq must be Moishezon. 

The proof of Proposition 12.11 is complete. □ 

Remark 2.3 When trying to dispense with the non-jumping hypothesis that 
was made in Propositions 12 . II and 12. 21 on /t°'^(t) at t = 0, one is faced with the 
following difficulty in proving the existence of a uniform upper bound fl2^ 
for the masses of the Kahler forms {uJt)teA\j:- For every t G A, the Laplace 
operator A" acting on Jr(0, l)-forms of X is elliptic and therefore has a 
compact resolvent and a discrete spectrum 

= Ao(t)<Ai(t)<---<Afc(t)<... (16) 

with \k(t) +00 as k ^ +oo. By the Hodge isomorphism, the multiplicity 
of zero as an eigenvalue of A[' equals h^'^{t). By results of Kodaira and 
Spencer (see [Kod85, Lemmas 7.5-7.7 and Proof of Theorem 7.2, p. 338- 
343]), for every small e > 0, the number m G of eigenvalues (counted 
with multiplicities) of A" contained in the interval [0, e) is independent of t 
if t G A is sufficiently close to (say (5e-close). If e > has been chosen so 
small that is the only eigenvalue of Aq contained in [0, e), it follows that 
m = /i°'^(0) > h^'^[t) for t sufficiently close to (the upper-semicontinuity 
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property). Consequently, for t near 0, h^'^{0) = h^'^(t) if and only if is the 
only eigenvalue of AJ' lying in [0, e). In other words, if h^'^{0) > h^'^{t) when 
0) is near 0, choosing increasingly small e > gives eigenvalues of AJ' : 

0<XkAt)<K(t)<---<>^kAt)-=St<e, teA\ (17) 

that converge to zero (i.e. et — * 0) when t ^ 0, where N = h^'^[0) — h^'^{t). 
Now, formula ( JT3ll for involves the Green operator Gt which is the inverse 
of the restriction of A" to the orthogonal complement of its kernel. The 
inverses 1 / A^^ {t) -\-oo of the small eigenvalues of A" are eigenvalues for Gt- 
Thus, if d*Ut''^ has non-trivial projections onto the eigenspaces i?^i(Afc^(t)), 
these projections get multiplied by 1/Xk^{t) when Gt acts on (9*cj°'^. Then 
need not be bounded as t approaches 0, unless the said projections can 
be proved to tend to zero sufficiently quickly to offset 1/Afc^ (t) +oo when t 
approaches 0. This may cause the mass of Ut (cf. ([9])) to get arbitrarily large 
in the limit as t — >^ 0. 

Thus the remaining difficulty in proving Theorem 11.11 is to prove the 
uniform mass boundedness of Proposition 12.21 without the non-jumping as- 
sumption on h^'^{t). The rest of the paper will be devoted to solving this 
difficulty. 

3 The strongly Gauduchon special case 

In this section we shall exhibit a different kind of hypothesis under which 
Theorem 11.11 can be proved comparatively painlessly. We have deemed it 
necessary to include this discussion as the method introduced here will be 
developed in the next section to give the general case of Theorem 11.11 

Setting the method in motion 

The notation is carried forward from the previous sections. Fix any family 
{lt)teA of Jt-Gauduchon metrics varying in a way with t. As explained 
after the identity ( ITOi) . Step 1 (hence everything that follows) in the proof of 
Theorem 1 1.1 1 can be run if we can guarantee the boundedness of the following 
integral, that will henceforth be termed the main quantity : 

/, := j dt(3^'' A ^r' = - j A dtir\ t G A^ (is) 

Xt Xt 

as t approaches 0. The difficulty is that the family (/3°'^)tgA* of Jt — (0, 1)- 
forms constructed as the minimal solutions of equations (ITTl) (extended to 
all t 7^ 0) need not be bounded as t approaches if h'^'^{0) > h^'^{t),t ^ (cf. 
Remark [23]). Thus, dtPr 

may "explode" near t = 0. However, dtf^t' = uj^ 
is bounded and extends smoothly to t = by construction, since the family 
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(tZ'°'^)(gA of Jf — (0, 2)-components of the fixed 2-form uj varies in a way 
with t G A. This means that if we can convert dtjS^'^ to BtPt'^ in (fT8l) . we will 
obtain the desired boundedness of the main quantity If, hence Proposition 
11.51 and implicitly a proof of Theorem II. 1[ This very simple observation is 
the starting point of our method to tackle the general case. 

The next observation is that the (n, n — l)-form dt'Jt'^ is (i-closed. Indeed, 
it is (9rclosed in a trivial way and is 9t-closed by the Gauduchon assumption 
on 7t. For t ^ 0, the (99-lemma holds on Xt (thanks to the Kahler assumption) 
and yields the ^^-exactness of dt'~it~^- Thus, 

dtir' = dtCt, t ^ 0, (19) 

where the C°° Jt-{n, n — 2)-form Q can be chosen as the minimal solution 
of the above equation (with respect to ■jt), generating a C°° family (Ct)tGA* 
defined off t = 0. By Stokes' theorem, the main quantity now reads : 

= - 1 A dar' = I dtP't'' AO, te A^ (20) 

Xt Xt 

The situation is now the reverse of that in 0181) : we have rendered the 
factor depending on bounded, as dtjS^'^ = a)°'^ varies in a C°° way with t 
up to t = 0, but we are now faced with the task of ensuring the boundedness 
of the other factor (t near t = 0. The difficulty stems from the fact that, at 
this point, the dd-lemma is not known to hold on Xq. However, if 5o7o~^ 
were known to be 9o-exact, the proof of Theorem 1 1 . 1 1 could be completed. 

We will now highlight a kind of hypothesis on Xq, different to the one 
considered in the previous section, that guarantees the 9o-exactness of (9o7q 
We digress briefly to introduce a new type of Gauduchon metrics satisfying 
an extra property. 

Strongly Gauduchon metrics 

Definition 3.1 Let X be a compact complex manifold, dimcX = n. 

(i) A C°° positive- definite (1, l)-form'j on X will be said to be a strongly 
Gauduchon metric if the {n,n — l)-form d'-f"'~^ is d-exact on X. 

{ii) If X carries such a metric, X will be said to be a strongly Gaudu- 
chon manifold. 

Notice that the Gauduchon condition only requires d'j"'~^ to be 9-closed 
on X. Hence, every strongly Gauduchon metric is a Gauduchon metric. Now, 
if the 99- lemma holds on X (as is the case if, for example, X is Kahler), the 
converse statement holds as well (see argument above), and therefore the two 
notions coincide in that case. However, we will now show that the strongly 
Gauduchon condition is strictly stronger than the Gauduchon condition in 
general. Furthermore, unlike Gauduchon metrics which exist on any compact 
complex manifold, strongly Gauduchon metrics need not exist in general. We 
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will give a necessary and sufficient condition on the manifold X ensuring 
the existence of a strongly Gauduchon metric. The method, proceeding by 
duality and an application of the Hahn-Banach separation theorem in locally 
convex spaces, is the classical one introduced by Sullivan in [Sul76] and used 
in several instances in [HL83], [Mic83], [Lam99], [Buc99]. 
We begin with the following very simple observation. 

Lemma 3.2 A complex manifold X of complex dimension n carries a stron- 
gly Gauduchon metric 7 if and only if there exists a real d-closed C°° form 
of degree 2n — 2 on X such that its component of type {n— l,n— 1) satisfies 
^n-i,n-i > on X. 

Proof. For a real {2n — 2)-form Q, the {2n — l)-form dQ is also real, hence 
its components of type {n, n — 1) and respectively {n — 1, n) are conjugate to 
each other. Thus, the condition dQ = amounts to 

gQn-l,n-l ^ _QQn,n-2^ ^21) 

If a strongly Gauduchon metric 7 exists on X, we set fi""-^'""-*^ := 7""^. 
This is a smooth form of type (n — 1, n — 1) and > 0. By the strongly 

Gauduchon condition on 7, dQ"'~^'"'~^ is 9-exact on X. Hence, one can find a 
smooth form of type (n,n — 2) on X such that 9^2""^'""^ = —5^2"'""^. 

By setting := ^"."-2 and = fi"'"-^ + Q""!'"-! + ^""2.", we get the 

desired form of degree 2n — 2. 

Conversely, if there exists a {2n — 2)-form f2 on X as in the statement, 
the assumption fi"-"^'""^ > allows one to extract the root of order n — 1 in 
the following sense. A very useful remark of Michelsohn [Mic83, p. 279-280] in 
linear algebra asserts that there is a unique positive-definite smooth form 7 of 
type (1, 1) on X such that fi""^'""^ = 7""^. By the assumption dQ = and 
its equivalent formulation fl?T|) . we see that 7 satisfies the strongly Gauduchon 
condition. □ 

We shall now determine when a {2n — 2)-form as in Lemma 13.21 above 
exists. Let X be any compact complex manifold, dimcX = n, and let Q be 
any C°° form of degree 2n — 2 on X. The condition dVt = is equivalent, 
by the duality between d-closed smooth real {2n — 2)-forms and real exact 
2-currents T = rfS' on X, to the property 

j A (iS* = 0, for every real 1— current S on X. (22) 

X 

On the other hand, the duality between strictly positive, smooth (n — 
1, n — l)-forms and non-zero positive (1, l)-currents on X shows that the 
condition > is equivalent to the property 
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j A T > 0, for every non-zero (1, l)-current T > on X (23) 

X 

Now, if T is of type (1, 1), we clearly have / A T = Jn AT. 

X X 

Furthermore, real d-exact 2-currents T = d S form a closed vector subspace 
A of the locally convex space 'r)fg(X) of real 2-currents on X. Meanwhile, if 
we fix a smooth, strictly positive (n — l,n — l)-form B on X, positive non- 
zero (1, l)-currents T on X can be normalised such that j T A Q = 1 and 

X 

it suffices to guarantee property (!23l) for normalised currents. Clearly, these 
normalised positive (1, l)-currents form a compact (in the locally convex to- 
pology of weak convergence of currents) convex subset "B of the locally convex 
space !D^(X) of real 2-currents on X. The Hahn-Banach separation theorem 
for locally convex spaces (see [HL83] and the references given there) gua- 
rantees the existence of a linear functional vanishing identically on a given 
closed subset and assuming only positive values on a given compact subset 
if the two subsets are convex and do not intersect. Hence, in our case, there 
exists a real smooth (2n — 2)-form f2 on X satisfying both conditions (122|) 
and fl23p if and only if /l fl B = 0. This amounts to there existing no non- 
trivial exact (1, l)-current T = dS such that T > on X. We have thus 
proved (cf. Lemma [3.21) the following characterisation of strongly Gauduchon 
manifolds in terms of non-existence of certain currents. This closely paral- 
lels similar existence criteria for Kahler metrics ([HL83]) and Michelsohn's 
balanced metrics ([Mic83]). 

Proposition 3.3 Let X he a compact complex manifold, dim^X = n. Then, 
X carries a strongly Gauduchon metric 7 if and only if there is no non-zero 
current T of type (1, 1) on X such that T > and T is d-exact on X. 

We now end this digression on a few simple remarks. Given a Hermitian 
metric (equivalently, a C°° positive-definite (1, l)-form) 7 on a compact com- 
plex manifold X, the following four conditions on 7 : the Kahler condition 
((i7 = 0), Michelsohn's balanced condition ((i*7 = 0) , the strongly Gaudu- 
chon condition ((97""^ is 9-exact) and the Gauduchon condition (97""^ is 
9-closed) stand in the following implication hierarchy : 

Kahler =^ balanced =^ strongly Gauduchon =^ Gauduchon (24) 

For example, the implication "balanced =^ strongly Gauduchon" can 
be seen as follows. Using the Hodge -k operator that gives isometries -k : 
AP'iT*X — > ^"~9:"~P2"*x defined by the Hermitian metric 7 on X, we have 
*7 = 7"^^/ (^ — 1)! and d* = — -k d-k. Hence, the balanced condition d*'j = 
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is equivalent to = 0, which in turn is equivalent, thanks to 7""^ being 

a real form, to ^7""^ = (cf. [Mic83]). This is clearly a stronger condition 
than the strongly Gauduchon requirement that d'y"~^ be (9-exact. 

Except for Gauduchon metrics, any of the other three kinds of metrics 
in ([21]) need not exist in general. Each of the conditions (1241) can be given 
an intrinsic characterisation in terms of non-existence of certain currents (cf. 
[HL83], [Mic83], Proposition 13.31 above, for the first three of them respecti- 
vely). Recall that the fourth condition is known to have a similar characte- 
risation that can be obtained by the same method : a Gauduchon metric 7 
exists on X if and only if there is no non-zero (1, l)-current T that is both 
positive and dd-exa.ct, i.e. T = iddip > globally on X. The compactness 
assumption on X and the maximum principle for psh functions rule out the 
existence of such a current, proving that a Gauduchon metric always exists 
on any compact complex manifold. 

On manifolds of complex dimension > 3, the implications (|2^ are strict. 
However, on compact complex surfaces the notions of Kahler and balanced 
metrics are equivalent ([Mic83]) and so are the notions of Kahler, balanced 
and strongly Gauduchon surfaces (i.e. surfaces carrying the respective kind of 
metrics). Indeed, it is well-known that a compact complex surface is Kahler 
if and only if its first Betti number bi is even (see [Siu83] and also [Buc99], 
[Lam99]). Now, it can be easily shown by the same duality method of Sullivan 
(see, e.g. [Lam99, Theoreme 6.1]) that a current as described in Proposition 
13.31 always exists on any compact complex surface with bi odd. 

Proof of Theorem under the strongly Gauduchon assumption on Xq 

We now pick up where we left off before Definition 13.11 As hinted there, 
the proof of Theorem 11.11 would be complete if we were able to choose our 
family of Gauduchon metrics {'~ft)teA, varying in a C°° way with t, such that 70 
is a strongly Gauduchon metric on Xq. Indeed, the above preparations being 
understood. Proposition 11.51 can be proved under the present circumstances. 

Proposition 3.4 Suppose the limit fibre Xq of a family as in Theorem \l.l\ 
is a strongly Gauduchon manifold. Then, after possibly shrinking A about 0, 
there exists a family {'~ft)t£A, varying in a C°° way with t, 0/ strongly Gau- 
duchon metrics on the fibres {Xt)teA- Implicitly, uniform mass boundedness 
holds : 



where, for every t & A\J], Ut is any Jt-Kdhler form belonging to the class 



a e H'^{X, Z) given by Remark ILE and C > is a constant independent of 
t G A\S. 




for all t G A \ S 



(25) 
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Proof. As the limit fibre Xq is assumed to be strongly Gauduchon, by the 
above Proposition 13.31 there is no current as described there on Xq. Equi- 
valently, there exists a real smooth (2n — 2)-form Q on X such that Q 
is (i-closed and JIq"^'""^ > on Xq (cf. Lemma 13 ■21) . Now, the J^-type- 
{n — l,n — l)-components of Q vary in a C°° way with t G A as the complex 
structures {Jt)t&A do. Thus, after possibly shrinking A about 0, we still have 
Qn-i,n-i > Q Furthermore, Michelsohn's procedure for extracting the 

root of order n — 1 being a purely linear- algebraic argument, the family of 
corresponding roots (7t)tgA (i-e. 7™"^ = varies in a C°° way with 

t. It is therefore a C°° family of strongly Gauduchon metrics. Moreover, as 
dfi = 0, (EH) reads : 

at7ri = -W""', teA. (26) 
Thus (12 op shows that the main quantity It extends to t = and reads 

It = - Jdt(3^'^An'^'''-^ = - Jcu't'^An'^'''-'', tGA. (27) 

Xt Xt 

As the family (fi"'"~^)tgA of Jt — {n, n — 2)-components of the fixed form 
Q varies in a way with t, so does the family {It)teA- In view of the 
explanations given at the beginning of this section, the proof is complete. □ 

The above arguments add up to the following special case of Theorem ll.il 
that we have been aiming at throughout this section. 

Proposition 3.5 Let X — > A be a complex analytic family of compact com- 
plex manifolds such that the fibre Xt := Ti~^{t) is projective for every t G A*. 
Suppose that there does not exist any non-zero current of Jo-type (1, 1) which 
is both d-exact and > on Xq (equivalently, Xq is a strongly Gauduchon 
manifold). Then Xq is Moishezon. 

The strongly Gauduchon assumption on Xq is different in nature to the 
non-jumping assumption made on h^'^{t) in the previous section. As the 
currents whose existence is ruled out by the strongly Gauduchon assumption 
are rather exceptional, this does not appear to be too strong a hypothesis 
when the complex dimension of the fibres is > 3. In the case of families of 
complex surfaces, the strongly Gauduchon assumption on Xq amounts to the 
Kahler assumption which, clearly, we have no interest in making. However, 
as noticed in the Introduction, the surface-fibre case of Theorem 11.11 follows 
from well-known facts in the theory of compact complex surfaces and the 
arguments given in Section [21 The limit surface Xq is even projective. 
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4 The general case 



To prove the general case of Theorem ll.il we now show that the situation 
considered in Section O always occurs under the mere assumption that the 
dd-lemma hold (see terminology spelt out in the Introduction) on every fibre 
Xt with t ^ 0. This hypothesis is weaker than the Kahler, and so much more 
so than the projective, assumption. 

Proposition 4.1 Let tt : X —>■ A be a complex analytic family of compact 
complex manifolds such that the dd -lemma holds on the fibre Xt := 7r~^(t) 
for every t G A* := A\{0}. Then Xq is a strongly Gauduchon manifold. 

It is clear that the combined Propositions 13.51 and 14.11 prove Theorem 
II. 1[ The object of this section is to give a proof to Proposition 14.11 whose 
hypothesis is henceforth supposed to hold. To this end, we will show that 
any family (7j)jgA of Gauduchon metrics varying in a C°° way with t can be 
modified to a family {pt)te/\ of strongly Gauduchon metrics varying in a C°° 
way with t. 

Reduction of the uniform boundedness problem to a positivity problem 

Fix any C°° family {'~ft)teA of Gauduchon metrics on the respective fibres 
{Xt)t£A- Denote A^, A[ and A^' the Laplace-Beltrami operators (see Intro- 
duction) induced by the metrics •jt on Xf. Let, as in (fT6l) . (Aj(t))jgN denote 
the eigenvalues, ordered non-increasingly and repeated as many times as the 
respective multiplicity, of 

a;' : c-„.i(x„ c) ^ _i(X„ C), teA. 

By [Kod86], each Xj is a continuous function of t G A. If there are eigenvalues 
such that Xj{t) > for t ^ and Aj(0) = 0, there are only finitely many 
of them numbering /^"'"-^(O) - /^"'"-^(t) = h^'^{0) - /i°'i(t) for any t ^ 
close to 0. This number is, of course, independent of t 7^ 0. For t 7^ 0, let 
Et > denote the largest of these small eigenvalues, so — * as t — 0. 
The remaining, infinitely many, eigenvalues are then bounded below (after 
possibly shrinking A about 0) by some e > independent of t G A. Thus, 

SpecA^' c [0, et] U [e, +00), tGA, (28) 
and we get an orthogonal eigenspace decomposition : 

C^n-iiXu C) = E2r\X) © E^~\X}, t G A. (29) 

\<£t \>£ 

Now, A" being an elliptic self-adjoint operator, it has a compact resolvent and 
there exists an orthonormal basis (e"'"'~^(t))jgN of C.^„_i(Xi,C) consisting 
of eigenvectors of A" : 
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e;'"-'(t) = Xj{t) e;'"-'(t), t G A. (30) 
Furthermore, in the three-space orthogonal decomposition 

C~„_i (Xt, C) = ker a;' ®lmdt® Im 8^ (31) 

each subspace is A"-invariant due to A" commuting with dt and d*. This 
means that the eigenvectors ej'"~^(t) forming an orthonormal basis can be 
chosen such that each of them hes in one (and only one) of the three subspaces 
of ( 13T|) . So none of the ej'"~^(t) straddles two or three subspaces. These simple 
reductions are valid for every t G A and we will henceforth suppose that the 
choices have been made as described above. The orthogonal decomposition 
of dt'yt'^ G C^„_i(Xt, C) according to has the shape : 

dar' = E ^^(t) e]'-'\t) + J2 er'\t) = U, + V,, t G A, (32) 
where Ut = E c^t) e^'^'-'it) G E'^^r^X) and Vt = E Cjit) e^'^^'^t) G 

jGJi X<et jeJ2 

^ E^J!'~^{X), with coefficients Cj{t) G C* and index sets Ji, J2 C N such 

A>e 

that Ji n J2 = 0. As already noticed, by the Gauduchon condition, dt'^t''^ is 
d-closed for all t G A and, since it is 9j-exact, it must also be 9j-exact for 
all t 7^ by the 99- lemma. Since each eigenvector e"'"~^(t) belongs to one 
of the three orthogonal subspaces of (EH), this means that only eigenvectors 
belonging to Imdt can have a non-trivial contribution to (l32i) for t ^ 0. 

In particular, for every t ^ 0, both Ut and Vt are 9t-exact. We can therefore 
find, for every t 7^ 0, a smooth Jt — {n,n — 2)-form Wt such that Vt = dwt- 
If we choose the form Wt of minimal norm (with respect to 7*) with this 
property, the condition G E^~^{X) guarantees that the family of forms 

('U^t)tGA* extends smoothly across t = to a family (wj)tgA varying in a C°° 
way with t up to t = 0. This is because the eigenvalues A contributing to Vt 
are uniformly bounded below by e > (cf. argument in Section [2]). 

As for f/t G ElJ:-\X), we are unable to guarantee the boundedness 

near t = of its (9t-potential because of the eigenvalues Xj (t) < et converging 
to 0. Therefore, we will not consider the 9t-potential. However, the (n, n — 1)- 
form Ut is d-closed. Indeed, it is Sj-closed in a trivial way for bidegree reasons 
and is also c^rclosed (even Sj-exact, as it has been argued above). Thus, the 
99-lemma implies that Ut is ci-exact for every t 7^ 0. We can therefore find, 
for all t 7^ 0, a form ^t of degree 2n — 2 such that Ut = d^f If we choose the 
form C,t of minimal L^-norm (with respect to 7t) with this property, we have 

^t = A;UtUu ty^O, (33) 
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where, for all t E A (including t = 0), At = dd^ + d : C^_2{X, C) 
C^_2{X, C) is the d-Laplacian associated with the metric 7* and A^^ is the 
inverse of the restriction of to the orthogonal complement of its kernel 
(the Green operator of A^). Now, the Hodge isomorphism theorem gives : 

ker Ai ^ HlWXtX) = if'"-'(X,C), t e A, (34) 

and we know that all the De Rham cohomology groups H'^j^'^(Xt, C) of the 
fibres X^ can be identified with a fixed space if^"~^(X, C). In particular, 
the dimension of ker A^ is independent of t G A, which means that the 
positive eigenvalues of A^ have a uniform positive (> 0) lower bound for t 
close to (cf. Kodaira-Spencer arguments [Kod86] recalled in Remark 12.31 
and applied to the C°° family of strongly elliptic operators {At)teA)- Thus, 
in this respect, there is a sharp contrast between the (i-Laplacian A^ and 
its (^(-counterpart A" : unlike A", A^ never displays the small eigenvalue 
phenomenon. In particular, the family of (2n — 2)-forms {C,t)t£A* extends 
smoothly across t = to a family {C,t)teA of forms varying in a C°° way with 
t G A (up to t = 0). 

Our discussion so far can be summed up as follows. 

Lemma 4.2 Given any family of Gauduchon metrics {'yt)teA varying in a 
C°° way with t G A on the fibres of a family {Xt)teA which the dd-lemma 
holds on Xt for every t 0, we can find a decomposition : 

dar^ = dit + dtwt, teA, (35) 

in such a way that 

dit e 0i?2';r'(A), dtwt G ^Ei:r\x), (36) 

\<et A>£ 

where {wt)t£A and {C,t)teA are families of {2n — 2)-forms and respectively 
{n,n — 2) -forms varying in a C°° way with t G A (up to t = 0), e > is 
independent of t, st > for t and St converges to zero as t approaches 
G A (i.e. Eq = Q). Moreover, the following identity holds : 

dtiir' - C-''""-') = dtiC''-' + wt), t G A. (37) 
As the form ^t^'^'^'^'^ need not be real, we find it more convenient to write : 



dl n— 1 ^71— l,n— 1 /.n—\,n—\\ o /^n,n— 2 , ^n— 2,n , \ x ^ \ /no\ 
tilt -^t -^t )=dt{^t +wt), teA. (38) 

To get (1371) from (1351) . it suffices to write d^t = dt^t + dtS,t and to re- 
member that dS,t = Ut IS a form of pure Jj-type {n,n — 1). Hence d^t = 
dt^t~^'^~^ + 5t^"'"~^. The vanishing of the {n — 1, ?T,)-component of d^t 
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amounts to dtit + (^tCt = 0; equivalently by conjugation to 

dt{-'^r^^) = dtC^- Hence ([38]) follows from §7^. 

As all the forms involved in fl38p vary in a way with t G A (up to 
t = 0), to finish the proof of Theorem 11.11 it clearly suffices to show that 



7r'-^r''""'-er''""' >0, for an teA. (39) 

Indeed, if this positivity property has been proved, Michelsohn's observa- 
tion in linear algebra [Mic83, p. 279-280] enables one to extract the (n— 1)^* 

root of 7^"^— ^""^'""^ and to find, for all t G A, a unique Jt — (1, 1)- 
form Pt > such that 



ir' - er-'-""' - er'-"-' = pr\ t e a. (4o) 

By construction, pt defines a strongly Gauduchon metric on Xt for every 
t G A thanks to flHHj) . In particular, Xq is a strongly Gauduchon manifold 
and Proposition 14. II follows. It actually suffices to prove flH^ for t = 0. 
Moreover, it would clearly suffice to prove the stronger property : 

^ ^ ^^^^ 

If this has been proved, then identity ( 1371) applied to t = reads 5o7o~^ — 
5o(^o"^~^ + ^0)5 hence 70 is a strongly Gauduchon metric on Xq and Propo- 
sition 14.11 follows. 

We have thus reduced our uniform boundedness problem for the main 
quantity It to the positivity problem fl39p or the vanishing subproblem (BTj) . 

The positivity problem 

Let II • II = II ■ lit and (( , )) = ((, ))t stand for the L^-norm and res- 
pectively the L^-scalar product defined by the Gauduchon metric 74 on the 
forms of Xt- 

For the sake of perspicuity, we begin by proving (HTI) in a special case that 
brings out the mechanism and locates the difficulty. Different arguments will 
subsequently be given to settle the positivity problem in full generality. 



Proof of ( [77] ) and implicitly of Proposition \4-l\ in an ideal case 



Consider the orthogonal decompositions of 7""^ analogous to ([H2D with 
respect to the eigenspaces of A" and respectively A^ acting on Jj-type {n — 
1, n — l)-forms : 



jr' = ut+vt, withwte0i5;2^^'"~^(/i), vte^E'^,''''-\p), teA, 

fj,<5t fj,>S 

(42) 
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and 



(43) 

where Spec (AJ' : C) ^ ^-^^^^^(Xi, C)) C [0, bt\ U [5, +oo) 

and 5t ^ as t — > 0, while 5 > is independent of t. The rest of the notation 
is analogous to that used earlier for (n, n — l)-forms, the symbol E^'^{X) 
denoting eigenspaces of (p, g)-forms with eigenvalue A. Decompositions fH21) 
and ( H3l) are conjugate to each other because 7""^ is a real form and A^ = 
dtdX + d^dt = Btd* + = A". In particular, the eigenvalues of both A^ 
and A" being real (even non- negative, by self-adjointness), the equivalence 
holds : u e ^ ^ e E27''""'(A). 

Definition 4.3 We say that the ideal case occurs if 

(i) Ut = Ut for all t E A. In other words, the forms Ut and Vt into which 7"""'^ 
splits in are real; 

(ii) dtA'lu = A'ldtu for all u G „_i(Xt,C) and all t E A. In other 
words, dt commutes with A'l on Jt-type {n — l,n — l)-forms. 



If the Laplacians A^ and A" were calculated with respect to a Kdhler me- 
tric, then A[ = A" and the ideal case would occur since dt always commutes 
with AJ. The failure of the ideal case to occur in general is caused by the 
failure of the Gauduchon metric 74 to be Kahler. 

Lemma 4.4 Let {Xt)teA be any family such that the dd-lemma holds on Xt 
for every t 7^ 0. Let (7f)teA be any family of Gauduchon metrics varying in 
a C°° way with t E A on the fibres (Xi)^^^- Suppose the ideal case occurs. 
The notation being that of Lemma \4-'A following estimate holds : 

Iler''""'ll < e,{t) for alltEA\ {0}, (44) 

with a constant eo{t) > converging to zero ast ^ 0. In particular, = 
and the metric 70 is strongly Gauduchon, proving Proposition^^ 



To infer the second statement from estimate fl44|) . it suffices to remember 
that (7"~"'^)teA and the norms (|| • || = || ■ ||t)teA vary in a way with t 
(up to t = 0). This clearly implies that ||7r~^|| has a positive upper bound 
independent of t if t is close to (it actually converges to ||7o"^ll e (0, +00) 
when t 0). Hence = 0, i-e- dUD- 



Proof of Lemma \4-4\ Condition {ii) of Definition 14.31 implies that the decom- 



position (IH^ of dt'Jt ^ (which is known to satisfy flHUl) and to be unique with 
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this property) is obtained by applying dt on both sides of decomposition ( H2|) 
of 7"""'^. Thus St = Sti s = 5 and 

dtut = dit, teA. (45) 
On the other hand, property (i) of Definition 14. 3^ combined with fl43p . gives : 

ut = ute Elv^'^'-'if^), teA. (46) 

IJ.<5t=£t 

As explained earlier, the positive eigenvalues of the ci-Laplacian At : 
C^_2(^5 C) C^_2{X, C) defined by the metric 7t have a positive lo- 
wer bound independent of t if t G A is close to 0. This means that there 
exists a constant c > 0, independent of t G A, such that the restriction of At 
to the orthogonal complement of its kernel satisfies 

(At)l(kerAO^ > cid, teA, (47) 

after possibly shrinking the base A about 0. Putting the bits together, we 
get the following estimate : 



= WdtUtW^ < {{A[ut, ut)) <et\\ut\\^ 
< et\ht-^\\^ for alH G A \ {0}. 

Indeed, on the first line : the first inequality follows from the components 

that split C,t into Jt-types, being mutually orthogo- 
nal as forms of different pure types ; the second inequality follows from Wf^i 
as C,t has been chosen of minimal L^-norm in flH^ . hence C,t G Imd*, so, in 
particular, G (ker At)"*" and fH7|) applies ; the identity follows from d*C,t = 
which holds because Imd* C kerdj. Further down on the second line : the 
equality with the last term of the first line follows from ( H5l) ; the first in- 
equality is obvious as {{A^Ut, Ut)) = \ \dtUt\ P + 1 p ; the second inequality 
follows from 0461) . Finally, the inequality between the last term of the second 
line and the term on the third line is obvious from the decomposition fl42p 
being orthogonal. 

The conclusion of (HHl) is that 

||er''""'lP < 'jWir'W^ for alH G A \ {0}, (49) 

which is nothing but estimate (jSj) with eo(t) := — — as t — >• that we 
had set out to prove. This concludes the proof of Lemma 14. 4[ □ 

Notice that if we disregard estimate (Hll), the weaker conclusion d^o = 0, 
which suffices for our purposes since it gives i9o7o~^ — ^oWq hence 70 is 
strongly Gauduchon, can be reached by a quicker route. Indeed, by flHUj) . dC,t 
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lies in the A['-eigenspaces with eigenvalues A < — as t — 0. Hence dC,o 
is AQ-harmonic (or, equivalently, both do and c^Q-closed). Moreover, if the 
ideal case occurs, P5|) and fH6l) show that dC,t has the similar property with 
respect to A^, hence d^o is also AQ-harmonic (or, equivalently, both do and 
(9Q-closed). Now, since d^o is of pure type and harmonic for both Aq and Aq, 
it must be Ao-harmonic (i.e. both d and (ig-closed) since d = do + Bq and 
d^ = + Bq. As d^o is obviously d-exact and as the spaces ker Aq and Imci 
are orthogonal, we must have dC,o = 0- 



Proof of Proposition in the general case 



The ideal thing would be proving the desired positivity property 



right away. As 7" ^ > 0, it suffices to show that the L^-norm 1 1 ■ 1 1 of 



can be made arbitrarily small (hence so can the L -norm of the real form 
^n-i,n-i _|_ ^n-i,n-i^ uniformly w.r.t. t G A. (It would suffice to guarantee 

this property when t = 0.) Indeed, in that case, 7"""'^ — ^" ""^'"^^ — ^""^'""^ 
would be (9t9(-cohomologous to an (n — 1, n — l)-form p"^^ > for all t G A. 
This is because the Bott-Chern cohomology groups i7^^^'"'^^(X(, C) can be 
calculated using either C°°-forms, or L^-forms, or currents or indeed forms 
of other regularity. Such a form Po~^ > would induce a strongly Gauduchon 
metric po > on Xo after extracting Michelsohn's {n — ly* root. However, 
we can see no reason why the norm of should be as small as needed 

if the ideal case does not occur. The way out of this difficulty is to iterate the 
construction described in Lemma [4. 21 so that ||^"~^'"~^|| becomes arbitrarily 
small after a sufficient number of iterations. 

The first observation is that the 59-lemma allows us to iterate Lemma 
?2] indefinitely. Identities (!50|) below compare to (!37j) and (ISTl) to (!38|) . 



[n- 



Lemma 4.5 For every p G N, there exist families (^"^p)'"~ )teA of Ji 
1, 77, — l)-forms and {^t,{p))teA of {2n — 2)-forms varying in a C°° way with 
t (up to t = 0) such that, for all t E A, we have : 



dtiir'-KiT''^ = 9t{ir' - C'iir'^ (50) 

= + +■■■+ Q'lii' + ir-' + 

where, as usual, Ctli) denotes the component of Jt -type (r, s) of^t,ii)- the 
form Ct~{p)^~^ need not he real, we find it more convenient to write : 

(51) 

Proof. We have already noticed that dt'yt~^ ^"^^ its projections d^t and BtWt 
given in flH31) are all dt and (9t-exact for all t 7^ 0. Writing d^t = t^t^r~^'"~^ + 
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c?f^"'"~^, we see that (9(^"'"~^ is ^rclosed (even St-exact) and is also 9t-closed 
for bi degree reasons (being of pure type (n, n — 1)). Thus is (i-closed 

and of pure type. By the dd-lemma, the 9t-exactness of imphes its 

d and 9t-exactness for all t ^ 0. Then Sj^^"^'""^ must also be d and 9t-exact 
for alH 7^ as a difference of two such forms. We can thus write 

5ter''""' = W'""' = rf6,(i), teA, (52) 
where fi""^'""^ stands for the (9rpotential of minimal L^-norm 1 1 ■ 1 1 and ^t, (i) 
denotes the ci-potential of minimal L -norm 1 1 ■ II of 9t^"~ • Identities ([52]) 
a priori hold only for t 7^ as the 95-lemma is only known to apply on Xf 
with t ^ 0. However, we have seen that the limit on Xq, when it exists, of 
any family of forms that are d-exact on Xt for alH 7^ is still d-exact on Xo 
owing to the De Rham cohomology being constant on the fibres Xj , t G A (no 
small eigenvalue phenomenon for At). Thus c?o^o"^'"^^ is rf-exact, hence the 
family {^t,{i))teA is defined up to t = 0. Meanwhile, | |f2"~"'^'"'^"'^| | < ||^r~^'"~^ll 
for all t G A* by the L^-norm minimality of fi""^'""^. As ^^^^'"^^ jg known 
to extend in a C°° way to Xq, so must Thus identities ( !52l) hold 

for alH G A (including t = 0) and the families (f2"~^'"'~^)tgA and {C,t,{i))t(^A 
vary in a way with t. 

In view of (13^ . identity ([3ZD becomes : 

dti^r' - nr''"--') = dtiir' - er''"-') = ^t(er'"~' + ^*), ^ e a. (53) 

Writing d (1) = <9t^"y/)'"~^ + 5t^"'("^~^ (recall that dit,{i) is of Jrtype (n, n- 
1)) and using (13^ . we get : 

dt{ir' - Ciir'^ = + + ^*)' ^ ^ ^- (54) 

The procedure described above can now be iterated indefinitely. The 
right-hand term in (JSlj) is a d-closed and 9t-exact {n,n — l)-form, hence 
it must be d, dt and 9t-exact for all t 7^ by the 99-lemma. Then so is 
'^t^t~{i)^~^ as a difference of two such forms (i.e. i9t7"~^ and the right-hand 
term in (|54l) ). We then get identities analogous to (l52ll : 

^tQ~(i) ""^ = 9t^t~ii) = d^t,{2), t e A, 

where and ^t, (2) are the dt and respectively (i-potentials of dt^t~^i^^~^ 

with minimal L^-norms. They extend smoothly to Xq by the same arguments 
as above and, writing (i^t, (2) = 9t^t~{2)^~^ + ^t^t"(2)'^^ ( 13^ reads : 

i(7t -^i,(2) )=^t(^t,{2) +wt), teA. (55) 

The (n, n — l)-form dt^^^2)^~'^ is again c?, (9t and 9f-exact for alH 7^ by 
the 99-lemma and the procedure can be repeated. At step p one gets : 
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= ^t^Mp) = teA, peN, (56) 

rt- 



with fi" /s'" ^ and (p+i) the dt and respectively (i-potentials of minimal 



norms oi Otq^ . ihe lorm can be seen as a correction oi 

if the latter does not have minimal L^-norm. It is clear that the analogue for 
p of fl3^ . fl3^ and the definition of 1]^'^^^'""^ in fl3B|) add up to the 

identities ( l50l) claimed in the statement. To get (15T1) from (1501) . recall that 
^*^t~{p-^^ = dC,t,{p) is of Jrtype (ra, n — 1), hence its (n — 1, n)-component 

^*^i!{p)'" + vanishes. Taking conjugates, one gets 5t(-^"7p^)'""^) = 

^^^"(p^)'" ^^'-^ ^^^^ term can be added to fl3U|) to get fl^ . □ 

For a technical reason that will become apparent subsequently, the norms 
of the forms can be more easily estimated if the inductive construc- 

tion described in Lemma 14.51 above is slightly altered in the following way. 

Step 1 of the new inductive construction. By ( 1371) of Lemma 112] we get 

dar' = dtC''''-' + + ^*), t e a. (57) 

Let {i]t)teA be a smooth family of nonzero Jt-{n, n — l)-forms satisfying 
the following three conditions {-k) : 

(a) rjt = 9jZ/""^'"^^ = ^t-i?"'""^ for allt G A and for smooth families of forms 
(z/""^'""^)jgA, (^?r'"~^)t6A of the shown types; 

/LN 11^""— li"— 1 I n— l,n— 111 ■ 1 1 ^n— 1, n— 1 1 1 j. ^ A 

(c) for alH G A and for some > independent of t we have 

/ / A / / o li I o n— l,n— 1\ o ^n — 1 1 , o n— l.n— 1\\ — 

{{^t{dtit +dti^t ),dt^t +dti^t ' )) 

Now using (a), (1571) becomes : 

dn— 1 o /,*n— l,n— 1 , n— l.n— 1\ , o //■n,n—2 . nn,n—2\ i ^ a /roN 

Let and ^t, (i) be the 9f-potential and respectively the (i-potential 

of minimal L^-norms of <9((^"~^'"'~^ + i/"~^'"~^) : 

5*(C'"~' + ^r^'"'') = 9,fir^'"-^ = t G A. (59) 

Notice that, since ^^,(1) is of pure type (n, n — 1), we must have 
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Thus ( l58i) now reads 



o n— 1 o ^n— l,n— 1 , <-) / ^n,n—2 . ^n,n—2 . nn,n—2\ i ^ a i'nr\\ 

dtlt =^4,(1) +wt-i^t' ), tGA. (60) 

Step p + 1 of the new inductive construction. Suppose that Step p has 
been performed and has produced the following decomposition for allt G A : 



- rr-'-r,;-' r,;:;-_\^). m 

Let {rjt^ (p))teA be a smooth family of nonzero Jr(^, n — l)-forms satisfying 
the following three conditions {-kp) : 

(a) ?7t, (p) = dti't~{p)"^~^ ~ ^i'^7{p)'^ ^'-'^ all t G A and for smooth families of 
forms (^'"yp^)'"~^)tgA, (^?"'(p^^)teA of the shown types; 

1 1 <*^i— li 1 I n— l,n— 111 ^ 1 1 ^Mi— 1, n— 1 1 I ^ ^ A 

W WkiP) II ^ ll^t,(p) II' ^ ^ ^' 



(c) for alH G A and for some £o > independent of t and of p G N* we have 



//A//0 /-n— l,n— 1 I <-) n— l,n— 1\ o ^n— l,n— 1 , o n — l,n— 1\\ 
( (^^ (-^te*, (p)' + 5t '^t, (p) ) , ^t^t, (p)' + 5t '^t, (p)' ) ) 



> £0 > 0. 



Now using (a), ( 16T1) becomes for alH G A : 



- ^^'"-'-^(1^ ^"'(rt')- (62) 

Let fi""^^^'""^ and (p+i) be the 9f-potential and respectively the ci-potential 
of minimal L^-norms of dt{Ct~[l)^'^~^ ~^ ^t~{pf''~'^) '■ 

Notice that, since dC,t,(p+i) is of pure type (n, — 1), we must have 

d 4i, (p+i) = ot^t^ (p+i) + (p+i) ' * ^ ^• 
Thus (1621) now reads for all t G A : 



- ^-'-'-^l^--' (64) 



29 



completing the inductive construction of the families (^"(p*)'" ^)teA, p G N. 

/TTT 1 ; ^n— l,n— 1 ^n— l,n— 1 ii o"— j 

(We have set 4^ ^q-^ as well as iz^ j.^^ and 

n— l,n— 1 n— l.n— 1 , t j-i j. j.' N 

z/^ •= '^t ' to unity the notation.) 

A word of explanation is in order to account for the existence of smooth 
families (r^t, (p))tgA satisfying conditions {-kp) for all p G N. Let (r^t, (p))t6A be 
a smooth family of nonzero Jt-{n, n — l)-forms so that (p) is Srexact and 

rit, (p) G Eir\l^) n I^-'{X), t e A, (65) 

ti>e' \>e" 

where e', e" > are uniform lower bounds for the parts of the spectra of 
and respectively AJ' that do not tend to zero as t approaches G A. As only 
at most finitely many, if any, positive eigenvalues of AJ and respectively A^' lie 
below e' and respectively e", the above direct sums of eigenspaces are each of 
finite codimension in C!^^_^{Xt, C), hence such an (p) can be found. Being 
of type {n, n — 1), r]t,{p) is automatically c^rclosed, hence also rf-closed by the 
c^rexactness assumption. It is then Srexact for all t 7^ by the dd-lemma. 
Since rjt^ (p) avoids the small eigenvalues of A^ by definition, r^o, (p) is still do- 
exact. Similarly, ?7o, (p) is also do-exact. Thus we can write f]t,{p) as in (a) of 
{•kp). While this construction is so far independent of p G N, we can now adapt 
the forms ^^t, (p) to match the previously defined forms and achieve 

conditions (6) and (c) of {-kp). Indeed, for every t G A and every p G N, there 
exists an open subset It*, (p) C C^i,„_i(-^t7 C) such that if ^^f^")'""^ is any 

r • Tf j-1 lli^n— l,n— 1 I n— l,n— 111 ^ 1 1 7h— 1. n — 1 1 1 ii^n— l.n— 1 

form m Ut, (p) then either 1 + v^^ \\<\\it, {p) W ^nl^t, (p) " 

^tjp)^^^\ \ — ll'^r(p)'"~^ll- T^^^^ enables one to achieve (6) simultaneously with 
(a) (replace rjt^^p) with —Tjt,{p) if necessary). Now (c) is guaranteed whenever 

the distance from f^t^f^p)'""^ + 9ti^t~{p)"^~^ ^'^ ker AJ' is bounded below by a 
positive constant independent of t and p (a condition that can be achieved by 
rescaling each f^it'"(p)'"~^ with a positive factor S'p > independent of t G A 
thanks to dti'^~^^^^~^ being 5t-exact for allt G A and to ker A" ± Im Bt) if, as 
p ^ +00, the possible growth towards +00 of the (finitely many) eigenvalues 
of AJ for which c^i^f^p)'""^ + f^t^'"(p)'"~^ has a nontrivial orthogonal projection 
onto the corresponding AJ-eigenspace is offset by eigenvalues of A" growing 
to +00 with the similar property. The latter condition can be achieved since, 
by the finite dimensionality of the eigenspaces of A[ and AJ', for any A > 
there exists -B > independent of t such that E^,^~^{fi) C E^,?^'^{X) 

fi<A ' \<B ' 

for t G A close to 0. 

With these new definitions in place, the identities of Lemma 1431 are trans- 
formed as follows. 

Lemma 4.6 The family {C,t,{p))teA of {2n— 2) -forms constructed above varies 
in a way with t (up to t = 0) and satisfies for alltEA and all p eN : 
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Qji, n— 2 Qn,ri— 2 \ 

^(1) '^t,{p-l))- 



+ w,-^r~'-€'m" KZ-l))- (66) 



Proof. It follows trivially from (1641) with p + 1 replaced by p and the fact 
that dZ,{p) = dtk~(p)''~^ + ^tk'il)'^ is of type (n, n - 1) (thus its (n - 1, n)- 
component vanishes, hence — ""^ = '^tkjp)^ ^^"^ taking conjugates 
~^ik~{p)"^~'^ = by arguments analogous to those of Lemma H75l □ 

The next, more substantial step is to show that the L^-norm of k~{pf''~^ 
decreases strictly at each step p of the above inductive construction in a way 
that guarantees it to become arbitrarily small when p becomes large enough. 
The following lemma and its corollary provide the final argument to the proof 
of Proposition 14.11 and, implicitly, to that of Theorem II. 1[ 

Lemma 4.7 There exists e > independent of t ^ A and o/p G N such 
that the minimal L'^-norm solutions and ^t,{p+i) of the equations 



dr^n— l,n— 1 o /^n— l,n— 1 , n—l,n—l\ j j ^ o / ^n—l,n—l . n— l,n— 1\ 

t^t,{p) =9tik{p) +^t,ip) ) "'^^ = '9t(ei,(p)' +''t,(p) ) 

(67) 

satisfy the L^-norm estimates : 

116,(^+1)11 <^=^iifir7Jr"'ii' tGA,pGN. (68) 



Before proving this statement, we notice an immediate corollary. 
Corollary 4.8 The form obtained at step p above satisfies 

llgy^r"'!!^ (7f=);ll^^'"~'ll' ^eA, pGN. (69) 

In particular, \\k~{l)'^~^\\ ^^'^ made arbitrarily small, uniformly int E 
A, if the number p of iterations of the inductive procedure is sufficiently large. 

Proof of Corollary \4.S\ Assuming that Lemma [4.71 has been proved, we get : 



11^ II ^ ^ MO"— li"^l|| ^ ^ I I ^n— l.n— 1 I 71— l,n— 111 _ v,t 

||6,(p+i)||<^^im,(,)' ||<-^||e,(,/ II, peK 

The latter inequality follows from the L^-norm minimality of ^2""^^^'""^ 
among the solutions of the equation dt^^~^j^~^ = •9i(^"^p'^'"~'^ + z/"'^^y"~^). We 
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also have ||^"(p+ir^ll — 11^*. since the former form is the (n — 1, n — 1)- 

component of the latter and forms of distinct pure types are orthogonal. 
Combining with (6) of properties (ik-p), we get 

||^n-l,n-l|| ^ 1 ||pn-l,n-l|| \ T) G N 

ii^*.(p+i) II - ^/rTp7 ii^^.cp) II' ^t^'Pt^^- 

Letting p run through 0, 1, ... ,p — 1, these inequalities add up to (l69l) . □ 
We now come to the key task of proving Lemma 14.71 



Proof of Lemma "JTl. Recall the notation ^"(J)'" ^ := it ^5 ^"(0)'" ^ 



r^n—l,n~l J ra— l,n— 1 n— l,n— 1 o j. o /^n— l,n— 1 , n~l,n— 1\ 

and I/, (0)' := z/t . Set ti7t,(p) := ^^(^^^(p) + ), 

the right-hand term of equations flUTj) . The minimal L^-norm solutions of 
equations flUTj) are explicitly given by the formulae : 



^"(p)" ^ = ^1 ^"9*^174, (p) and it,{p+i) = \ ^d\wt,{p), t E A, pEN. 

(70) 

Now it is easily seen that, for any (9t-exact (r, s)-form u on Xt, one has 

||A;-19>|| = ||A'-5^,||. (71) 

Indeed, if (e^''*)jgN is an orthonormal basis of C!^g{Xt, C) consisting of eigen- 
vectors of such that AJe^' * = \j e'- ^ and if u splits as m = ^ Cj e^' * with 

Cj E C, then e^'* is (9t-exact for every j G Ju and 
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where (ej~^''*)j6j„ is an orthonormal subset of C^i g{Xt, C) consisting of ei- 
genvectors of Aj corresponding to the same eigenvalues as before : A^e^"^'"* = 
Xjej~^'^. This is because 

: Im (a : C^^,, ^ ) Im [d* : ^ C^^, J 

is an angle-preserving isomorphism that maps any 9-exact A'-eigenvector of 
type (r, s) to a A'-eigenvector of type (r — 1, s) having the same eigenvalue A 
and an L^-norm multiplied by a/A. (We have suppressed indices t to ease the 
notation). A further application of A ~^ introduces divisions by the eigenva- 
lues Xj, hence the overall effect of applying A ~^d* to u consists in multiplying 
the coefficients cj by ^/Xj/Xj = I/a/Aj and replacing the orthonormal set 
of (r, s)-forms {e^'**, j E Ju} with an orthonormal set of (r — 1, s)-forms 
{e^"^'", j E Ju}. 

On the other hand, A "ay = ^ e^''*. Hence, we see that 
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\\A'f'dtu\\^ = \\A'-^u\\^ = J2 
Similarly, for any ci-exact /c-form m on X^, one has 



||A-M*u|| = ||A-2m||. (72) 

Thus, in the light of (rrni) . (!7T]) and (!72|) with u = '^t,{p)i the proof of Lemma 
14.71 reduces to proving that 

||A7^u7t,(p)|| < -=^||Ar^Wi,(p)||, tGA, pGN. (73) 
y I + e 

We are thus led to compare the Laplacians A[ and At for t G A. We begin 
by noticing that for any pure- type (say (r, s)) form u on some Xt that is not 
Aj'-harmonic, we have : 



((AtM, u)) > ((A;m, m)). (74) 
Indeed, by compactness of Xt, we get : 

{{Atu,u)) = \\du\\^+\\dtu\\^ (75) 

= \\dtu\\^ + \\dtu\\'+\\d:u\f + \\dM' 
> \\dtu\\' + \\dtu\\' = {{^tn,n)). 

The equality between the top two lines follows from du = dtu + dtu and 
the forms dtU and dtU being orthogonal as pure-type forms of distinct types 
(r + 1, s) and respectively (r, s + 1). Thus, = + and 

the adjoints satisfy the analogous identity u|p = + ||(9*u|p for 

the same reasons. The strict inequality between the bottom two lines follows 
from the assumption that u is not Aj'-harmonic which amounts to dtU and 
d^u not vanishing simultaneously. (Indeed, {{A"u, u)) = WBtuW"^ + ||9*-u|p.) 

Now, if u varies in a finite dimensional subspace Eq C Cj°°,(Xo, C) of 
Jo-(r, s)-forms such that Eq fl ker Aq = {0}, one can find a constant e > 
such that inequality (|7il) . when applied to Aq and Aq, strengthens to 



((Aon, u)) >(!+£) {{A'qU, u)), for all u G Eq. (76) 

This is clear since, by ( 17^ . such an £ > can be found for every form 
u as above and the same e can be kept for all forms on the complex line 
Cm C Eq. If there are only finitely many directions in Eo, the minimum of 
the finitely many corresponding constants can be chosen as the new e > 0. 

Now (At)tgA and (Aj)tgA are C°° families of operators since they are 
defined by metrics {'jt)teA that vary in a C°° way with t G A (up to t = 0). As 
a result, if a family of (r, s)-forms {ut)teA varies in a way with t in a C°° 
vector subbundle of finite rank Et C C^,{Xt, C) such that E^nker A'^ = {0} 
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for all t G A, one can find a constant e > independent of t G A (after 
possibly lowering the previous e > found for t = in (1761) ) such that 



{{Atut, ut)) >{l + e) {{A[ut, ut)), for all Ut G Et and all t G A, (77) 
after possibly shrinking the base A about 0. This amounts to 

Ai > (1 + e) A[ on Et C C^.iXt, C), t G A. (78) 
Now ( 1751) and ( 177|) show that such an e must satisfy 

0<^^77^?^^' ^^ei^AkerAj, t G A. (79) 

n— l.n— 1 Q qn,?i— 2 



By the choice (*)(a) of ?7t,(p) = <9tt'"(p)'" = , the form zut,(p) 

'n-l, 



'^t^t (p)^ ^ + ^7*. (p) c^rexact for all t ^ 0, hence Wt, (p) is orthogonal to ker AJ' 



for all t ^ 0. When t = 0, the form i^o,{p) = ^o^q (p)" ^ + ^o,(p) is not Aq- 
harmonic (after possibly adjusting rjt^ (p) by a small factor 5^ > independent 
of t G A) thanks to the choice of f]o,{p) as a nonzero 9o-exact form. It is 
in order to force this property that the forms f]t,(p) were introduced and 
the construction of ^"(p)'"~^ in Lemma was altered to that of 
Thus ^t,{p) £ ^t,{p) for all t G A and some finite rank vector subbundle 
Et,(p) C C^^_^{Xt, C) satisfying Et,(p)nker A" = {0} for all t G A. Moreover, 
in terms of rot, (p), condition (c) of {-kp) (see choice of ?7t, (p)) translates to the 
following conditions analogous to ( IHOl) for alH G A and all p G N : 

n . ^ / {{^t^t,ip), ^t,{p))) , . 

{{At^t,{p), ^t,{p)}} 
for an ^0 > independent of both t G A and p G N. Set e = Eq and get : 



{{Atwt,(p), wt^^p))) > {1 + e) {{A[tut,{p), tut,{p))), t G A, p G N. (81) 

If the operators At and A^ commuted, the desired inequality (I7H1) would 
follow by inverting the above inequalities. Although At and A^ would com- 
mute if they were calculated with respect to a Kahler metric, commutation 
does not hold in general. Recall that the metric jt used here is only Gau- 
duchon, but not necessarily Kahler. Therefore, rather than using general 
arguments, we shall obtain inequality (I7H|) from (IHTl) by means of specific 
considerations. 

It suffices to treat the case p = as the case of an arbitrary p G N is 
similar. Set zut := ^t,{Q) for all t G A. Consider the following decompositions : 

zut = J2^Ai)er~\t) = J2dkit)fl'''~'\t), tGA, (82) 
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of Wt with respect to orthonormal families (ej'" ^{t))j and (/^^" ^\t))k of 
eigenvectors for and respectively : 



^,eY^-\t) = \,{t) t'e]'-'{t) and Ajt-'\t) = „,{t) f^^-'\t). 

The index sets J and K are finite. As Wt is of pure Jftype (n, n — 1), 
the mutual orthogonality of the forms f^^ and of their respective Aj- 
eigenspaces implies that each f^^~^\t) is of pure Jj-type (n, n — 1). We 
clearly have 

ii^tir = 5^ic,(t)r = $^i4(t)r, ^ga. (83) 

On the other hand, we have A^^tzjj = .^[^ii^ j^n-i)^^-^^ hence 

((A-M,^*))-E^f^' ^e^- (84) 



Similarly /^f\wt) = ^ VtI ^ence 

Pick any k E K and let E^^Y^\nk{t)) denote the A^-eigenspace of (2n — 
l)-forms with eigenvalue /ikit)- Consider the orthogonal decomposition 

E^y\f^k{t))3C-'\t)= ^'^A^)^ ^eA, (86) 

where Uk,i{t) e £'2'/'^~^(Ai(t)) is the orthogonal projection of fk^"'~^\t) onto 
the AJ-eigenspace E^,^~^ {Xi{t)) with eigenvalue A;(t) and Jfc(t) C J is the 
subset of indices I e J such that Ukj{t) ^ 0. By orthogonality, we have 

\\ft-'\t)\f = I = y: \Mm'- (87) 

Notice that ^(^. ^(t) G -E_^""^''(/ifc(t)) (and impUcitly ^^.^((t) G i?2',"~"'^(A;(t))n 

^Ar'^(/^fc(^))) for all / G Jfc(t). Indeed, if u,,,Jt) i ^^"-'^(/^^(t)) for some 
/q G Jk{t), the mutual orthogonality of the forms Ukj{t) G -E'2'"~^(Az(^)) 
and of the spaces E'^,"^^^ {Xi{t)) would make it impossible for J^^"" ^\t) — 

^ 'Uk,i{t) to belong to E^^"'~^\iJ,k{t)) , a contradiction. Let 

leJkit) 
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be the largest subspace onto which at least one of the forms Uk,i{t), I G Jk(t), 
has a non-trivial orthogonal projection. Then each such orthogonal projection 
of every Ukj{t) still belongs to E^^^~^\jj,k{t)) , hence 

i?ut)cEt-^)(/i,(t))n E-^r\m) 

and E'f^{t) is stable under both operators and AJ. This means that, taking 
restrictions to E^it), we get : 

A„ a; : Eiit) ^ Eiit), t e A. (88) 

Now, on the one hand, the restriction of A^ to E^it) has /ifc(t) as its unique 
eigenvalue, while the restriction of A^ to -E'^(t) has eigenvalues Xi{t), I G 
Jfc(t). On the other hand, E',^(t) is orthogonal to ker A" and flTSj) shows that 
these restrictions satisfy A^ > (1 + e) A^ for all t G A. Then the min-max 
principle gives 

yUfc(t) > (1 + ^) for all / G Jfe(t) and all t G A. (89) 

Now, in view of fl86p . for alH G A we get the estimate : 



< 



1 V- IK./WIP 



= ^((Arvr-^^(t),/r^^^(t))). 

As k & K has been chosen arbitrarily, this gives for all t G A : 

((A-i(u7,), w,)) < ^ {{A'-\^t), ^t)), (91) 

_i /I 

an inequality that is equivalent to (ITSjl by self-adjointness of A^ ^ and Aj ^ . 

The proof of Lemma 14.71 is complete. □ 

End of proof of Proposition By Corollary 14. 8[ the L^-norm ||^"~^'"~^" 



H, (p) I I 

can be made arbitrarily small, uniformly with respect to t G A, for p ^ 1 
sufficiently large. Implicitly, so can the L^-norm | \^t~^p)^~'^ +C,^~^p^^~'^\\- Hence, 
after possibly shrinking A about 0, the strict positivity of 7""^'""^ forces 
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the real Jt - - 1, n - l)-form 7i ~H{p) ^^i,(p) to be dtdr 

cohomologous to a positive definite Jt — {n — 1, n — l)-form for all t G A if 
p ^ 1 is sufficiently large. The last form can be written as p"^p) > 0, where 
Pt,{p) > is a C°° form of J^-type (1, 1) for every t G A, by Michelsohn's 
procedure [Mic83, p. 279-280] of extracting the (n — 1)"** root of any positive- 
definite {n — 1, n — l)-form. Thus we get : 

- {ir' - iZi^r" - 55^) ^ I- (^*^*)' ^ e A, p » 1. 

In particular, 

'Pt. ip) = ^* y^t - ^t, (p) - k iP) J ' ^ e A, p > 1. 

By conclusion flMj) of Lemma [4. 6^ f^iP"^p^) is i9t-exact for all t G A. Thus, 
{pt,{p))teA is a family of strongly Gauduchon metrics on the fibres (X()tgA 
if p ^ 1. It modifies the original family {'^t)t&/i- In particular, choosing any 
large p S> 1, Po, (p) is a strongly Gauduchon metric on Xq. The proof of 
Proposition 14.11 is complete. □ 

As explained earlier. Proposition 14.11 combined with Proposition 13.51 pro- 
ved in the previous section proves Theorem 11.11 
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